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On Kelvin and Poincaré-waves in a strip¢1)

1. Introduction.

In this report we shall consider elementary solutions of the set

of differential equations 2)
o u oy .
ﬁ+ﬁ+1wd= OC
. 0
(1w+hﬁx—ﬂv+wﬁi=0 (1.1)
. i
llu+(1w+RW+~$T~o,
which are defined in the region D: O&x 47, Fb1< y«i’ng (we may have
b= - c0 and / or D=+ @ ) and which are such that at x=0 and at x=7

the following boundary-condition applies 3):
u(x,y) is continuous up to x=0 and x= % and u(0,y)=0, u(w,y)=0,
for wb, Ly ¢Thy. (1.2)

In the equations(1,1) {Land A are non-negative real numbers; w
1s a complex number which we assume, however, to be limited by the
conditions

Re w> 0, 0¢Imw<¢A, (1.3)

It will be convenient to introduce the complex number Y ,
defined by

2 def w-iA ™
P4 = —==, -5 <arg } 40 (1.4)
Since by (1.3) O ¢arg we X, - g Larg (w-=12) £ 0, we have
-T ¢ arg w;ll £ 0, hence the condition in (1.4%) can always be satis-

fied,
By variation of Im w (between zero and N ) it is easily seen
that we shall always have
' A
- e A
arc tg sp=——- & arg Z £ 0,
che minimum being attained for Im w= 3 A, On the other hand, if w
is real then arg X = -5 arc tg %} > - % for all values of A ,

Obviously,if A tends to zero, Z' tends to one. The factor 2{ can
>e used for a formal elimination of the parameter A from the equations
'1.1). Indeed, putting (u'= zcu, Q= 0/ ), u'=Ju, v'= J v, we see
chat (1.1) reduces to ‘

1) Research carried out under the direction of Prof.Dr D. van Dantzig.

>) For the physical meaning of the variables and constants we refer
to foregoing reports,

) In physica’ terms: the lines x=0 and x= % are coasts.

L) It may be shown that the second condition is always satisfied if w
is a free frequency of the system (1.1) in a closed domain at the
boundaries of which either & =0 or n1u+n2v=o (with 04505 components
of the normal),



u! ov!

—5——)—(— + -5-37—- + i w’dao
o9¢

Twhut- IUV"+,§§ = 0

Qa4+l wrvt o+ ’bé"‘ O,

3y

1leh is formally equivalent with (1.1) when there A is taken to be
:ro, We shall not use this formalism in the sequel. But the above
:marks may illuminate the fact that in the follewing formulae [
Lwa&s will ocecur in one of the combinations aﬁu ,11/2’, 1 u or ﬂfv.

, Kelvin- and Poincaré-waves.

We first may try to find solutions of (1.1) for which u(x,y)=0
iroughout D, In this case the boundary-conditien (1.2) is automatical-
] satisfied,

Such solutions indeed exlst and they are easily seen to be

éo(x,y)ggf CO+ exp ( é} (x- 5) - 1 wXy) +
L .7 exp (- -—“% (x- B)+ L w)v),
def ¢ o £ Ty _ s / (2.1)
vo(x,y):z ?T‘ exp ( X (x- 5)-tw)y) +
C
- a? exp (- é} (x- )+ 1w ) y).
+

e constants CO and Co" are arbitrary complex numbers,

If CO-=O then (2,1) eclearly represents a progressive wave in the
iwt
is

ljoined)., If A =0 and accordingly w is positive (and Y} =1) then the

.rection of the positive y-axis (when the time-~faetor e

ve is undamped and moves with unit velocity. The particle-velocity
i+ everywhere parallel to the coasts but the force of Coriolis causes
e amplitude of the waves to be increasing towards the right side of
e wave, If J #1 then the behaviour of the wave is somewhat more
mplicated, If « is real (so that we have strictly periodic motions)
d /A >0 then we see that the amplitude decreases exponentially
wards the direction of the wave. Some aspects of these damped waves
ve been discussed recently by PROUDMAN (1954) and SCHONFELD (1955).

- Of course similar statements apply to the case CO+=O, in which
se we have a wave 1in the direction of the negative y-axis,

We shall call these types of solution Kelvin-waves.,

Another type of solutions of (1.1) which satisfy (1.2) is found
- we suppose u(x,y) to be proportional to sin nX, n=1,2,,,, .
Let for n=1,2,... the functions fn(q)(y) and fn(gj(y) be defined




f(qﬂy)%¥W3+e"%d FC T oe

n n n (2.2)
fn(g)(y) def Cn+ e”Mnd C.~ e Mn¥
there
/u,i def 2. ngz + 0%/ 52, -5 larg M ¢ % (2.3)
nd Cni are arbitrary complex numbers,

Then by substitution it is easily verified that we have the

'‘ollowing solutions of the system (1.1)

n
def . (1) M0 L (2)
&n(x,y) = f_ (y)cos nx - wea £, (y) sin nx
I
Y
un(x,y)qgf -1 ,X+£1//l n<q'(y) sin nx (2.4)
nw
def c/«»n 2) 10w, (1)
vn(x,y) = X - {f (y)cos nx + e £, (y)s;n nx},
'he waves which result when to this type of soclutions the time-factor

:1L0t is adjoined, are called Poincaré-waves, these are of a more

romplex nature.

If A=0 and accordingly w is positive and X =1, Mo is either
wositive real (if ne- w2+112‘>0) or a positive imaginary. If Cn”=0 we
iave in the first case something like a standing wave in the x-
tirection with an amplitude decreasing exponentially in the direction
f the positive y-axis. The particles move in elliptic orbits, except
t the boundaries x=0 and x= %, where u=0. In the second case we have
iroducts of progressive waves in the direction of the positive y-axis
nd standing waves in the x-direction. The velocity of propagation is

n this case
w w

C = = 7 = 7
s) [ | m/ugd-ndQ e’
ence depending on w and (for fixed n) decreasing to unity if w
ends to infinity 5). |
If A >0 then the behaviour of the Poincaré-waves is still more
omplex. Since then Re Mo 2 0 we have,for all values of n,products of

amped progressive waves 1n the direction of the y-axis and standing
aves in the x-direction. But of course, if A is small then either
he exponential decrease or the progressive-wave-character dominates.
‘or more information wc again refer to PROUDMAN and SCHONFELD.

It should be remarked that if «w is such that for some integer N
%=O then for n=N the solution (2.4) only contains one arbitrary
onstant. It may be verified, however, that in this case solutions are

- e e e G e em e e e @

dec . -1
) The group-velocity, defined by coch(ﬂ— gi Eﬁg) proves to be
c:g:cp"/1 and thus 1s always less than unity.
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ﬁN(x,y = C ~D y) cos Nx - 10 D, sin Nx
N 2 N
A Nw
i .
uN(X,y) = - —ﬁi (c Cy DNy) sin Nx (2.5)
. A
v (%x,7) = - ——— D_ cos Nx + = (Co=D,.v)
N | XEQ} N ,XQN N °N

vhich can be obtained formally from (2.3) by taking fN(q)(y)=CN-DNy,

‘nfn(z)(y):DN’ W2 2o 02/ y P,

y. Completeness of the system of Kelvin and Poincaré-waves.

In a certain way (to be made precise below) the solutions
ronsildered in section 2 constitute a complete system,

If we are concerned with flows in the domain O ¢x ¢ T,
b,l Ly S’ng then it is natural to require that C, u and v are
‘egular in the interior of the domain and that the only singularities
1111 occur at the boundaries and more specially near the corners. To
e more specific, we shall require that u(x,y) is twice continuously
lifferentiable in the semi-closed domain 0O £x 5'?,'Rb1 <y <7rb2. We
‘hen may prove the following
'heorem
£ 1° the functions <i(x,y), u(x,y), v(x,y) satisfy the differential

:quations (1.1) in the domain O <x <7, b, ¢y Th

1 2L
00 u(x,y) and v(x,y) are twice continuously differentiable for
)¢ x £ wbq«<y<vb25

3° u(0,y)=u(my)=0 for b, o

+
hen uniquely determined constants Cn"(n=0,1,...) exlst such that

Ly b

u(x,3) = 2o (%,7) (3.1)

here the functions C » U, and v_ are defined by (2.1), (2.2) and (2.4),
he series in (&.1) shall converge uniformly in any closed domain
{x &, Th+ § ¢y mbg_S with & > 0,arbitrary.

roof,
Let i,u and v be given functions which satisfy the conditions of
he theorem,

From the equations (1.1) we have
A2 sy HJ,.(Q/X)_%g 5.2)
AR /) 2 v ey 25

it

U

v

it
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Aci- k2¢= 0, (3.3)
mere k* &8 (L0 /3% LBy % 2 (w-1n)?Y | (3.4)

If u and v are twice differentiable, then from (1.1) 1t appears
hat & 1s three times differentiable, whence from (3,2) and (3.3) we
*ind

a) -1 ( £

Au - %%u =0 o (3.5)
fow let the functions C_ n_1 52,...) be defined hy

c .ﬁ: % J x,y) 8in nx dx. (3.6)
0

. ° . o~
‘hen we have, since u and -2 are continuous for 0£xe¢m™ and wu(0,y)=
3 IX

=U( T ,y).-zO

'PI"E ™
2 3~% sin nx X = - an { gE-cos nx dx =
T o X L 2
"u\ O
n° 2
= - TT_ u(x,y)sin nx dx = -n ¢, (v) (3.7)
o
bgu
nd, since —5 is (two-dimensional) continuous,
oy
i 2
2 a-c
2j>u.2 n
= ) == sin® nx 9% = —p (3.8)
T 5 Dy dy

ombining (3.5), (3.6), (3.7) and (3.8) we find

—2 - (P, = 0 (3.9)

Henee the functions Cn(y), which are derived from the given
unction u(x,y) by (3.6) satisfy the ordinary differential equation
3.9). It thus follows, that uniquely defined constants Cni (n=1,2,...)
xist, such that

2 -
D +'Q"/X' ( * é%%y+ Cn' éuny), (3,10)
% n w

hen p is defined by (2.3):

c. (y) = -1

~ 2 2~ 2 2 2 2.2 T s
Moo= 10" w X+ /% “= n=4k=, - 3<arg pmo¢

et & be an arbitrarily small positive number., Then since the function
2
‘—-1*21- is bounded in the closed domain O¢x ¢ 7, T+ d ¢y¢mh,- §

. 2
€ have from (3.7) and (3.10)

F oMY, - Ay

-3
Cn w = O(n

)5

niformly in the interval 'Wb1+ Y Ly &7 bg- S, whence, since Re/an> 0
op sufficicntly great n, it is casily doeived that
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Cn+ =0 (n"3 exp ((Trbq+ $ )Re /“n))
- -3 (3.11)
C.~ =0 (n7 exp ((Trbz— $ )Re M) s
hiech implies 5
- MY - MY -p "% Re m
: Cn+ e 0 +C.7 ¢ P72 o(n7f e "y, (3.12)

niformly in the interval wb4+28$y.éwb2~28,

Now let the constants Cni-be determined by the given function
(x,¥) in the way indicated above. With these constants we construct
he functions Cn(x;y), un(x,y) and vn(x,y), as defined by (2.2) and
2.4). Then, in view of the estimation (3.12) and the fact that
e o, on for n - o the series

u (x,5) = u(x,y)
1

Me 8

G (e, L (x,y)

o}
i
AN

def
v (x,9)2" vi(x,y)

o]
il
BN

111 converge uniformly in the closed domain D': Ogtx¢ Tr,
oq+2857y ¢ ™b,-28 . By (3.6) and (3.10) the sum of the first series
a8t be the original function u(x,y). Furthermore the series are
Ifferentiable term-by-term in D' and since each of the sets
"nUnsV,) satisfies the differential equation (1.1), the set (& ,u,vt)
>es 80 as well,

From the linearity of the differential equations (1.1) we now
ifer that the set (&'= G- &', u"=0, v"=v-v') alsc satisfies (1.1),
1ich eguations reduce to

i
g ; + 1wd" =0
. " ¢!
1w v" + 57— =0
" 246"
-Dv o+ 53 = 0,

'om the first two equations we infer

'y / EY
&= o t(x) PNy o m(x)et W X

A R R AR

ereag from the third egquation we have

ac *
=+ (2/2) ¢ X (x)
nce Coi (x) = Coi e?m/)()X s
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o ¢" and v" must have the form (2.1) with uniquely determined

onstants Coi .

lemarks.,
. From the proof of the theorem it is clear that if we are dealing

'ith flows in the semi-infinite domain Th, ¢y < e and ¢ ,u,v remain
‘inite for y — o, then cn‘=o for n=0,1,..., unless A=0, w is real.
n the latter case we may have C “#0 and C A0 for those values of

1 21 for which A is a pure imaglnary (l.C, for n<<w/ 2 - 5,

', Tt is clear that if «w and Lk are such that V -n°

nteger, the theorem and the proof must be modified somewhat, We shall

is a posgitive

10t go into these detalls however,

. In later work we shall meet the case that on the line y= qu,
IR SR u(x,y) is continuous except near the points x=0, xX=7 , where

Ny

re shall have u(x,'wbq)ndx”1+'d1 R u(x,'rbq)~¢(7r-x)°ﬂ+°%3, with
dq o ¢ 2. It then may be shown that we have
L
-t
Cn('h'b,]) = O(l’) ),

rith o = Min(el,,e,). This implies that the series for & (x,y) will
.onverge uniformly up to y= qu.

- oome auxiliary egtimates,
In the course of following work we shall need some information
oncerning the complex numbers

def i %% w

d/n _..(L/LL 3 n=1;2,-o-3 (4341)
n

he inverses of which occur in the formula (2.4) for <&(x,y) in the
ase of Poincaré-waves, And especially we want to know whether

Jﬁ{) 1 or (1,

., We shall first consider the case A =0, w real (and hence X:2=1).

In this case
(4.2)

‘y/1+ :~7:r——
e shall now prove the following statements:
T. If 0 ¢ fL <1, and
®) 0 < w <L, then Ll €15 n=1,2,..0

p) w=0, then ) =i, n=1,2,... ,
&/) (A)>—O'-’ then l{ni>/]9 n':/}jgs-o- °

o o G G wm e G e W G @

5) Compare e.g. BROMWICH (1949),p. 494, ex.5,




ITI. If £1>1 and
&) 0dw N, then Wt €1, n=1,2,... ,
/3) w=£, then Kn“%ij N=1,2,... ,
31 +1

J)ﬂ.zcu((l\/

s thel’]‘g/nl>1, U=1,2,.a.,

Q
5 ) W ()’v/ 1 , then
702 \”)2
£ 14 for n é,[)vl~—4l$;§ .
'J/I'I ‘ ; > ) u)2+ _Q_
lhe statements I o, I B, IT oL, II p %reAgbvious from (4.,2).
[(f w >{land n }u'_ Q? then \/%— —¥—1§1— is positive and < 1, so
W ke
is pure imaginary and < ' i
n : "l , YRy 2 42
le thus are left with the cases w >, 14n<¢ Vw0 (if n 2w a
chen ) = 0 ), In these cases [/n 18 positive and
&/ 2 /u2n2 = 1 + Lt)2+ ﬂg { ng_ QE UJ2°' -G—EZS
n Jl2< [,()2" _Q}g_na _Q2< 2“‘ _(—\2 2) . I.L/’?-}-ﬂ?
vf 2 [,4.)‘2— ﬂg 4 /I éi“i;
- Lug'*‘»Q- ’
rlearly Xh > 1 for all values of n of the range to be considered
1 4n /u:—Jlg). Since (4.4) 1is equivalent with
wg("_n.gn) £ .(12(_(2.24-”1),
.l
his situation occurs if either 0 < fL ¢ 1 or . ¥1 and <) 2+1 .
a=-1
his completcs the pgoof of I ygand II)A_,_{{Q__7
If, however, (7p 1 and w™2 N 2+1 , wWe have
071
2 2
1 & _O.E —-———-—-——{02 12 4 u)g- Qg
W+
nd from (4.3) we see that in this case
/2 1 for n (2 ——-~:ji
jWL Z 02+J72 ’
hich completes the proof of II 5 .
. In the case A > 0 and (u complex the situation is more difficult.
Here we shall only prove the following partial result:

If 0 € A4 Y2 Re w and |w+iA| ¢ (L

(4.5)
hen |y | < 1 and 0 <arg Int = for n=1,2,

his clearly corresponds with the statements I « and IT o made above.
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Since 0« Im tw < A, we may put for shortness Re w = W = OA
) £ § <1, Then

w -1(1-6 )7
W o= LUO-F]'.G./\ 5 X2= ©

(,uo-i—iQ?«
md (4.5) is equivalent with
0¢NERVE w NF >w Pr(1+6)7 N2, )
Jjow
Re(_\e/?{z__szz) _
o Luo+i@ S ! '
= Re [,Q_ I 7R " (ab+ﬂ'@)“)Q”b'l(1' @);k)l =
2 2
w. "= 6(1- 0)A
- o 2 T - w - O(1- 025,
w “+(1-6)7 A
2,2 2.2 e
Im (O3 w )=Rw[ +1-29}
X ol o Zi(1- 9)2 A 1

lenece, by (4,6)
Re( %/ y%- P %?) >
Lo+ (14 )2 A% [0, B 0(1- 0) A2} = w 2e(1- 8)2 22| [ 1-9);

> —

Q62+(1— 9)2 A%

2 6 )% [('\+<9) wog—e,(ﬂ- 6)(1+4°) %]
- W FH(1- 0)F A

\\V
O
-

ince by the first condition (4.6)

2(1- 6)(1+ 6%) A% £ (1= 8)(1+ %) w P (1+6) w 2.
Furthermore, by (4.6)
2
Im(ﬂg/hfg—wgﬂ’g)ékwog £ -1% >

wo+(1— 9)2 A °

2
Al 2 2 22
o, since 1-%-: 1 + 07/x ’éu 1 , we have
n n
2 2
My 0
Re > 1, Im ——§—-> 0, for 21l n=1,2,... ,
n n
ence
/(,l /]
] ??1 31 and 0 4 arg == ¢ &

“ L QX
2 N 2
[ w ] (1 and - ﬁ~4 arg NS {0
el @A
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. X%u n
mbining these results, we see that for y =1 .
n HQX

operties follow,

Propagation of energy by Kelvin-and Poincaré-waves.
We shall now suppose that A =0 and that (v is real. Then

eorem of section 3 every solution of (1.1) in the domain 0 «
b1<y < ng which satisfies the boundary-condition (1.2) can

presented by the series
o

é(X:Y) = Z—;O CH(XJY)
u(x,y) = L u (x,7)
n="

(e8]

V(X,Y) = z: Vn(XﬁY) s
n=0

cre now

ao(x,y) = Co+exp(fl(x— %)«iu1y)+ CO“ exp{~ O (x- %}+ iwy)

vo(x,y) = Co+exp(£1(x- g)—iu)y)— CO" exp(—il(x—'%)+ iwy)
i0x
Cn(x,y) - fn(q)(y)cos nx - E—ZTH'fn(2)<y) sin nx |
2 2
+ 0 .
un(X;y) = -1 EZTE‘“ fn<1)(y) sin nx
i : —
o) N
vn(x,y) = - —2;3 fn( )(y)cos nx + l/ nufn(q)(y)sin nx %‘
~ MY A Y -AY
1 + n " - s 2 + -
fn( )(y) = Cn € e & fn( )(y)z Cn e " —C'r}
M= m/n2—1u2+£12 , arg A =0 or g .
shall now calculate the fcllowing integral
‘ T
s &f 3 j Re [v(x,¥). & (x,y)] dx, (

0
HE-E denotes the complex conjugate of &

m the differential equations (1.1) it may be proved that
[g%-(u G o)+ §§<V ¢ )] =0, whence by Gauss'thcorem and the fa
) for =0, x= T it follows that S is independent of y (for
4y <TD,).

In an other report we shall motivate that & may be called
n flux of energy throush the line y=const, 0 <¢x £ 7Tin the di

the positive y-axis,.

he

at

on
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ne calculation of § is most easily effectuated with the aid of the
ollowing remarks.

2 have + —
Col®y)t vo(x,y) = 2 CF exp (£ Q(x- %) F 1wy)
. _in
Ln(x,y)ivvn(x,y)z ﬁn(q)(y)+ QJn fn(g)(yﬁ(cos nx i‘% sin nx).

sw by direct calculation it appears that both sets{cfn+(x)g and
Qn_(X)i 5 n:o,/],... 5

1ere + -
P,” (x) = exp (+ 0 (x-T)),
?ni (x) = cos nx i'gisin nx, n=1,2,. s

e orthogonal over (O,%‘)T)

Since furthermore

" 0
S exp (+ 2 £ (%- - 5h TSt
0

T

S,

S (cos nx + = sin nx
o)

2
s £
)2 ax = % (1+ “g—),
n

+ have (in virtue of the uniform convergence of the series (5.1))

w -
flesvi®ax = ujo £ (2T,

L
+gf; (1+ _.(_1; (fn(q)(y ¥ i:jn fn(2>(y))2

th these results we find for S:

g
S =§- Hzmvf% L& -v12} ax= S:zﬂ (e ¥ 1% 1c,712) +
O
*. 2 i m
LR Q - (M) oy n oo (2) 2_ (1)
o L (1 ) e M- 22 By 120 e (D)

w n

sh +,2 S2y T o) gi”}n G (2) .4

T L% 171871 Eé?l(ﬂ ?)R»L = T ) £

() 2 LA F12 =2 S - 2YRe A
- fn 1 (y> fn( >(B7)_ ‘un I} o 2y Re n \ . }2 g
- -21y Im wu 2iy Im
+ Cn+ n (<] n - Jﬂ+gn e =
_ _ Ebe/u _ =2iy Im au

) i~n+;2 ey Repn _ | 1E e "+ 21 In(c_*T_"e Dy,

- B e o o o e v

By application of a criterion of DALZELL (1945) (see also TRICOMI
(1955) )it may be proved that these sebs are complete over L2(0,77)
as well., We shall not use this, however.
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{ence ’
1) 2

re § 2 ¢ (T(y) £ (25§

Zn m ¢ _te.m if is real (n2 >w?—112)
T W n 'n Hn s

‘-‘£3ﬂ-(\c +\2— \C "\2) if M _ is a pure imaginary (n24cu2—.Q?)
w n n n
8)

sh £ +, 2 -2
5= B (10,515 10,717 +
S 2
T _Q + 2 - 2
+ m /]lzn%—;a_ﬂg (14‘ ?) I/An‘(‘cn \ -)Cn ! ) +
T (e R oo, ) (5.3)
+12—a-/°* + T /‘Ln m n n & ES

n23102_17_2 n

lormula (5.3) admits a number of statements in physical terms,

a). By Kelvin-waves an amount of energy 1is propagated in the
lirection of the waves, which is proportional to the squared modulus
f the "amplitude'", By interaction of Kelvin-waves of different
lirection no energy is propagated.

b). By Poinecaré-waves of progressive-wave~type (/4

n
12 4c02~.ﬂg) an amount of energy 1s propagated which is proportional

imaginary,

;0 the squared modulus of the amplitude, By interactilon of such waves
I different direction no ehergy is propagated,

¢) By Poincaré-waves of damped type (/xn feal, n2:>u£-.ﬂg) no
mergy 1is propagated, By interaction of such waves of different
lirection energy may be transported, however,

d). No energy is transported by interaction of Kelvin-waves and
‘oincaré-waves nor by interaction of Poincaré-waves of different

.ndex,

If the regilon under ¢onsideration is infinite: 7rb1 Ldy4d eco and G

! and v remain finite for y —=ea we have Cn+=0 for those values of

2 2

\ 21 for which n°> w°- Q7. Hence the third sum of (5.3) vanishes in

his case,

P e s e e e e e cm

}) If it happens that w - NPN® (N a positive integer), a term

T Im(C,D, ), where C,,D. are the constants of the solution 2.5},
4N§ NN N*’“N

should be adjoined.
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